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Abstract:We study the superconformal index of 6d SCFTs from their ’t Hooft anomalies.
In the Cardy limit where the angular momenta on S5 are large, we show that the leading
free energy, as well as a few subleading corrections, can be computed from the 6d anomaly
polynomials. Our large N free energy accounts for the entropy of supersymmetric black
holes in dual AdS7.
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1 Introduction and summary
The superconformal index of a d-dimensional SCFT counts BPS states on Sd−1 [1–3]. For
a 6d SCFT, its superconformal index is defined as
I = Tr
[
(−1)F · e−∆RQR · e−ω1J1−ω2J2−ω3J3 ·
∏
i
e−miFi
]
(1.1)
where J1,2,3 are the angular momenta on S5, QR is the Cartan charge of SU(2) R-symmetry
of (1,0) superconformal algebra, and Fi’s are the charges of the other global symmetries.
Chemical potentials ∆R and ω1,2,3 are constrained by ∆R − ω1 − ω2 − ω3 = 0, and only
BPS states which saturate the BPS bound E ≥ 4QR+J1 +J2 +J3 contribute to the index.
The 6d superconformal index was studied in [4–10] and see [11] for a detailed review.
6d SCFTs on N M5-branes are expected to have N3 degrees of freedom [12]. N3
dependence of 6d SCFTs are observed in the anomaly polynomials [13–15], the Casimir
energy [4, 8–10, 16], and R4 × T 2 partition function [17, 18]. However, there has been no
direct evidence for N3 growth of states from the superconformal index.
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As a related matter, it had been believed that the superconformal index could not cap-
ture the entropy of BPS black holes in the dual AdS space due to the severe boson/fermion
cancellation. However, inspired by the extremization principle found in [19–21], it has
been recently observed that the superconformal index can actually reproduce the entropy
of supersymmetric black holes in AdS4 [22–24], AdS5 [25–27], AdS6 [28], and AdS7 [26].
The primary breakthrough was allowing the chemical potentials to be complex to obstruct
(−1)F cancellation [29]. The complexified solution of the chemical potentials was recently
obtained also in the gravity dual [30, 31].
The Cardy formula of 2d CFT [32] plays a crucial role in accounting the entropy of
black holes from field theories [33]. In d > 2, the Cardy formula refers to the behavior of
the superconformal index in the ‘generalized Cardy limit’ where |ωi|  1. It corresponds
to the limit where the angular momenta are large, and therefore it is in analogy with the
limit considered in the original Cardy formula of 2d CFT. In [34], the Cardy formula of
4d SCFTs was studied with the strictly real chemical potentials. It was further studied in
[26, 35–38] at the complex chemical potentials. It turns out that the free energy of the
index captures N2 growth, which accounts for the entropy of AdS5 black holes.
The 6d Cardy formula was obtained in [34, 39] in the setting where N3 growth is
invisible. With the complex chemical potentials, a similar study of 6d SCFTs was initiated
by [26] for (2,0) AN theories in the large N limit to reproduce the entropy of AdS7 black
holes. In this paper, we make comprehensive studies of various 6d SCFTs. In particular, we
will complete the argument given in [26], and obtain Cardy formulas of various 6d SCFTs.
In this paper, we study the modified version of the superconformal index which is
defined as follows,
I = Tr
[
e−∆RQR · e−ω1J1−ω2J2−ω3J3 ·
∏
i
e−miFi
]
(1.2)
where chemical potentials are constrained by ∆R−ω1−ω2−ω3 = 2pii. The modified index
counts the same BPS states with the original index but on the different chemical potential
basis. Note that (−1)F = e2piiJ3 since JI ’s are normalized to be integers for bosonic states
and half-integers for fermionic states. Then, we can replace (−1)F in (1.1) by e2piiJ3 and
then absorb it into the redefinition of ω3 which shifts the chemical potential constraint.
The modified index turns out to be more ‘refined’ in the sense that it can capture more
entropy than the original index in the Cardy limit. Similar modification of the index in 4d
was studied in [37].
In order to compute the index (1.2), we consider the following thermal partition function
on S5 × S1,
Z = Tr
[
e−βE · e−∆RQR · e−ω1J1−ω2J2−ω3J3 ·
∏
i
e−miFi
]
(1.3)
where the periodicity of the temporal S1 is given by β. The partition function (1.3) becomes
the index (1.2) if one takes β → 0 limit and imposes ∆R − ω1 − ω2 − ω3 = 2pii constraint
[26]. The partition function can be computed from the effective action of background fields,
which depend on the chemical potentials. In β → 0 limit, the infinitely many terms in the
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effective action are arranged into a derivative expansion on S5. Among them, Chern-Simons
terms can be entirely determined by the anomaly polynomials [40–42]. We will show that
in the Cardy limit |ωi|  1, the leading free energy of the index, as well as a few subleading
corrections, are determined from the Chern-Simons action only.
For a general 6d SCFT, we find that the free energy (log I) of the modified index (1.2)
with mi = 0 is given as follows,
log I =−
( a
384
∆4R +
bpi2
24
∆2R +
2cpi4
3
) 1
ω1ω2ω3
+
( b
96
∆2R +
(2c + d)pi2
6
)ω21 + ω22 + ω23
ω1ω2ω3
+O(logω). (1.4)
The series expansion parameter is given by ω which is the common scaling factor of ωI ’s in
the Cardy limit, i.e., |ωI | ∼ ω  1. Here a, b, c and d are the ’t Hooft anomaly coefficients
defined as follows,
P8 =
1
4!
(
a · c2(R)2 + b · c2(R)p1(T ) + c · p1(T )2 + d · p2(T )
)
(1.5)
where P8 is the anomaly 8-form of the 6d SCFT. Here, c2(R) is the second Chern class
of SU(2) R-symmetry and p1,2(T ) are the Pontryagin classes of the tangent bundle. Our
Cardy formula (1.4) takes the form of the ‘Cardy series’ in the sense that it determines the
free energy up to the subleading O(ω−1) order. If we perform Legendre transformation of
the free energy, we obtain the asymptotic entropy in the Cardy limit. We found that the
real part of the entropy is non-negative as long as the ’t Hooft anomaly coefficients satisfy
the following bound,
a− 4b + 16c ≥ 0 (1.6)
which is satisfied for all examples analyzed in this paper. The same form of the inequality
(1.6) was also found from the Renyi entropy of 6d SCFTs [43].
For 6d (2,0) SCFT of ADE type, our Cardy formula determines the free energy as
follows,
log I = −h
∨
GdG + rG
384
(∆2R −∆2L)2
ω1ω2ω3
− rG
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+O(logω) (1.7)
where ∆L,R are chemical potentials for SU(2)L×SU(2)R ⊂ SO(5) R-symmetry, and chem-
ical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. Here, ω denotes a common
scale for ω1,2,3 which is a small parameter. The group theoretic constants h∨G, dG and rG
are listed in table 1. In the large N limit of AN type SCFT, the free energy (1.7) shows
explicit N3 growth which accounts for the entropy of BPS black holes in AdS7×S4 [20, 26].
We make the similar analysis for the DN type theory in the large N limit and found the
correspondence with the entropy of BPS black holes in AdS7 × S4/Z2.
The supersymmetric Casimir energy takes the same form with the equivariant integral
of the anomaly polynomial [16]. For the Cardy free energy, we found that it can be obtained
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from the equivariant integral of the ‘thermal anomaly polynomial’ as follows,
log I = −
∫
P T8 +O(logω). (1.8)
Here, P T8 is the thermal anomaly polynomial of the 6d SCFT defined from the following
replacement rule [42],
P T8 = P8
(
pk(T )→ pk(T )− F
2
T
4pi2
pk−1(T )
)
(1.9)
where FT is a field strength of the fictitious gauge field. The detailed explanation will be
given in section 2.
The rest of the paper is organized as follows. In section 2, we review the thermal
derivative expansion of a thermal partition function. We introduce a formula derived in
[42] that determines Chern-Simons terms in the effective action after the circle reduction.
We also derive the Cardy formula (1.4) from the anomaly polynomial (1.5). In section 3, we
compute the Cardy free energies of general 6d (2,0) theories and some specific examples of
(1,0) theories with flavor symmetries. Our Cardy formulas are checked by comparing with
the superconformal indices whose closed forms are known. In section 4, we find that the
Cardy free energy is given by the equivariant integral of the thermal anomaly polynomial.
In section 5, we compute the entropy from the Cardy free energy. We show that the large
N free energies of (2,0) SCFTs exactly account for the entropy of BPS black holes in the
dual AdS7. Also, we compute the asymptotic entropy in the Cardy limit and derive the
bound (1.6).
2 Thermal derivative expansion
In this section, we review the derivative expansion of the thermal partition function of the
even-dimensional QFT. We consider a QFT on Md = Md−1 × S1 where d = 2n. Md−1
is d− 1-dimensional compact manifold with ∂Md−1 = 0 and S1 is the Euclidean temporal
circle which is fibered over Md−1. We will assume that the QFT has a global symmetry F .
The partition function takes the following definition,
Z(β, ωI ,∆i) = Tr
[
e−βE ·
rM∏
I=1
e−ωIJI ·
rF∏
i=1
e−∆iQi
]
(2.1)
where E is the energy, JI ’s are the angular momenta of Md−1, and Qi’s are the Cartan
charges of the global symmetry F . The partition function depends on the chemical poten-
tials β, ωI , and ∆i. The index i runs from 1 to rF which is the rank of F , and I runs from
1 to rM which is a rank of the isometry of Md−1. β is the circumference of S1.
The thermal partition function can be computed from the path integral of dynamical
fields. The chemical potentials are encoded in the background fields gµν and Aµ. The
background metric gµν ofMd depends on ωI ’s, and the background gauge field Aµ depends
on ∆i’s. After integrating out all the dynamical fields, the partition function can be written
as
Z = exp
[
−W (gµν , Aµ)
]
(2.2)
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where W is the effective action of the background fields.
However, it is impossible to evaluate the effective action in a generic setting since the
path integral cannot be performed exactly. Instead, it is helpful to consider the small circle
limit β  ` where ` is a curvature radius of Md−1. In this limit, the dynamical fields
can be reduced on Md−1 into zero-modes with zero S1 momentum and the Kaluza-Klein
modes with non-zero S1 momentum. The KK modes have the mass proportional to β−1,
and the path integral can be effectively evaluated as Gaussian integral. The zero-mode
contribution to the effective action is subtle since they are light degrees onMd−1. However,
in section 2.2, we will introduce a certain scaling limit that the zero-mode contributions are
suppressed.
One can canonically decompose the background fields onMd into S1 part and Md−1
part. For the metric gµν , it takes the following decomposition,
gµνdx
µdxν = e−2Φ(x)(dτ + a) + hijdxidxj , τ ∼ τ + β, (1 ≤ i, j ≤ d− 1) (2.3)
where Φ is a dilaton field, a = aidxi is a graviphoton 1-form, and hij is a metric of Md−1.
The background gauge field A = Aidxi and the affine connection Γ = (Γµν)ρdxρ are also
decomposed as
A = A0(dτ + a) + Aˆ, Γ = Γ0(dτ + a) + Γˆ (2.4)
where A0, Γ0 are temporal components of A, Γ. Note that 1-forms a, Aˆ, and Γˆ do not
have a temporal component.
The effective action W in (2.2) depends on the metric hij , 1-forms a, Aˆ, Γˆ, and scalars
A0, Γ0, Φ. Integrating out the KK modes yields the contribution to the effective action
arranged as the form of an infinite series of the derivative expansion, which is the perturba-
tive series of small β. Due to the presence of the zero-modes, effective action can also have
non-perturbative terms of small β. The small β limit of the partition function is of great
importance in our case since it is related to the ‘index point’ where the partition function
turns into the index [26]. In section 2.1, we will determine Chern-Simons terms in the
effective action from the ’t Hooft anomaly by following the works of Jensen, Loganayagam,
and Yarom [40–42]. In section 2.2, we will explain the index limit of the partition function
and show that the Cardy free energy can be determined from the Chern-Simons action only.
2.1 Chern-Simons action and ’t Hooft anomaly
The ’t Hooft anomaly is the anomaly of global symmetries induced by chiral fields in even
dimensions [44]. The naive path integral yields the effective action of the background fields
which suffers from the following ’t Hooft anomaly,
δWcons = −2pii
∫
Md
Id[gµν , Aµ] (2.5)
where δ collectively denotes the background gauge and the diffeomorphism transformation.
We will call the effective action in (2.5) as the ‘consistent action’ since currents obtained
from Wcons satisfy the Wess-Zumino consistency condition [45]. The d-form anomaly Id is
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determined from the d + 2-form anomaly polynomial Pd+2 through the following anomaly
descent mechanism,
dId = δI
CS
d+1, dI
CS
d+1 = Pd+2 (2.6)
where ICSd+1 is a Chern-Simons (CS) d + 1-form made of A and Γ. See [46] for a detailed
review of the anomalies.
In this subsection, we focus on the CS terms in the effective action. In Wcons, there
are two types of the CS actions: the gauge/diffeomorphism invariant CS action WICS and
the non-invariant CS action WNCS. WICS consists CS forms made of 1-forms aˆ, Aˆ and
Γˆ with properly quantized coefficients, and therefore they are invariant under the back-
ground gauge/diffeomorphism transformation. On the other hand, WNCS takes the form
of normal CS terms but multiplied with the scalars A0, Γ0 and therefore it is the only
gauge/diffeomorphism non-invariant part in the effective action. As a result, WNCS is di-
rectly determined from the ’t Hooft anomaly (2.5) as follows [42],
WNCS = −2pii
∫
Md
dt+ a
da
[
ICSd+1 − IˆCSd+1
]
. (2.7)
The hatted form IˆCSd+1 is defined from I
CS
d+1 by the following replacement,
IˆCSd+1 = I
CS
d+1
(
A→ Aˆ, Γ→ Γˆ
)
. (2.8)
Throughout this paper, we will define the hatted notation as replacing 1-forms to their
hatted forms as (2.8). The two-form da in the denominator means the following operation,
1
da
∑
k=1
ck(da)
k =
∑
k=1
ck(da)
k−1 (2.9)
which is well-defined since (dt + a)(ICSd+1 − IˆCSd+1) can be written as a finite power series of
da which starts from (da)1. Then it is straightforward to check that the variation of WNCS
generates the ’t Hooft anomaly of the consistent action (2.5) as follows,
δWNCS = −2pii
∫
Md
dt+ a
da
[
dId − dIˆd
]
= −2pii
∫
Md
[
Id − Iˆd
]
= −2pii
∫
Md
Id. (2.10)
At the second equality of (2.10), we used that ∂Md = 0 and ddt+ada = 1. Although dt+ada is
not a properly defined differential form, it can be regarded as an −1-form and ddt+ada = 1
means the following property,
d
[dt+ a
da
∑
k=1
ck(da)
k
]
=
∑
k=1
ck(da)
k − dt+ a
da
d
[∑
k=1
ck(da)
k
]
. (2.11)
At the third equality of (2.10), we used that Iˆd does not contain the dτ component and
vanish when integrating over S1.
By varying the consistent effective action with respect to the background fields, we
obtain the consistent current Jµcons = δWconsδAµ and the consistent energy-momentum tensor
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Tµνcons =
δWcons
δgµν
. However, they do not have the covariant form under the gauge/diffeomorphism
transformation. This non-covariance can be cured by adding the local terms to Jµcons and
Tµνcons which are called the Bardeen-Zumino polynomials [47]. The covariant current and the
energy-momentum tensor can be obtained by varying the ‘covariant action’ Wcov which is
defined as follows,
Wcov = Wcons +Wbulk, Wbulk = 2pii
∫
N d+1
ICSd+1 (2.12)
where N d+1 is the bulk d+ 1-dimensional manifold whose boundary is given byMd. More
precisely, we set N d+1 = S1 × N d where ∂Nd = Md−1. In the covariant action, WNCS +
Wbulk can be written as the following expression [42],
WNCS +Wbulk = 2pii
∫
N d+1
dt+ a
da
[
Pd+2 − Pˆd+2
]
(2.13)
which can be proven from the following identity,
dt+ a
da
(
PCSd+1 − PˆCSd+1
)
=
(
ICSd+1 − IˆCSd+1
)
− d
[dt+ a
da
(
ICSd+1 − IˆCSd+1
)]
. (2.14)
After integrating over S1, the contribution from IˆCSd+1 vanishes due to its absence of the
temporal component, and we obtain the desired result (2.13).
Until now, we have determined WNCS and Wbulk which are not invariant under the
background gauge/diffeomorphism transformation. However, the invariant CS action WICS
is not anomalous under the background gauge/diffeomorphism transformation. As a result,
WICS is not directly related to the anomalous transformation of the effective action (2.5).
However, in [40–42], it was pointed out that one can impose another consistency condition
called a ‘consistency with the Euclidean vacuum’ to determine WICS. Here, we introduce
the condition and briefly sketch the derivation presented in [42].
Let us consider a d-dimensional manifold Md = R2,∗ ×Md−2 where R2,∗ is the two-
dimensional Euclidean plane with the origin removed. The plane R2,∗ is fibered over the
d − 2-dimensional manifold Md−2, and the fibration depends on the graviphoton a. The
metric of R2,∗ is given by ds2R2,∗ = r
2dθ2 + dr2 with θ ∼ θ + 2pi periodicity. We formally
interpret θ as the Euclidean time τ by identifying τ = β2piθ, thus giving the metric ds
2
R2,∗ =
4pi2r2
β2
dτ2 + dr2. The total metric ofMd is then given by follows,
ds2 =
4pi2r2
β2
(dτ + a)2 + dr2 + ds2Md−2 . (2.15)
Now, we turn on the specific background field configuration of a and Aˆ which are non-zero
only on Md−2. Let us consider an infinitesimal metric perturbation on R2,∗ as δgτrdτdr.
The consistency with the Euclidean vacuum requires the following condition,
T τrcov =
∂Wcov
δgτr
= 0. (2.16)
Since the graviphoton a and the background gauge field Aˆ are only turned on Md−2,
the partition function should reproduce correlation functions of the Euclidean vacuum on
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R2,∗. As a result, the rotational invariance of the Euclidean vacuum is equivalent to the
consistency condition (2.16). In this geometric setting, it should be noted that the derivative
expansion ofWcov is generally ineffective since the angular circle of R2,∗ becomes large if we
go far from the origin. In this case, the infinite series of the derivative expansion has to be
resumed, as well as non-perturbative terms, in order to compute the effective action or the
generic correlation functions. However, in [42], it was argued that one can construct certain
background field configurations such that only finite number of terms in Wbulk, WNCS, and
WICS contribute to T τrcov among infinitely many terms in the effective action. In such cases,
T τr can be exactly computed regardless of the validity of the derivative expansion. As a
result, the consistency condition (2.16) can be used to determine WICS since Wbulk and
WNCS are already determined as (2.13).
As a conclusion, together with the results shown in (2.7) and (2.12), the three types of
CS actions in Wcov take the following expression,
Wbulk = 2pii
∫
N d+1
ICSd+1
WNCS = −2pii
∫
Md
dt+ a
da
[
ICSd+1 − IˆCSd+1
]
WICS = −2pii
∫
Md
dt+ a
da
[
∆ICSd+1 −∆IˆCSd+1
]
AT=0
. (2.17)
Here, ∆ICSd+1 is another CS d+1-form which will be explained shortly, and A
T is a fictitious
U(1) gauge field defined as follows,
AT =
2pii
β
(dτ + a) + AˆT . (2.18)
Using AT , we define a ‘thermal anomaly polynomial’ from the ordinary anomaly polynomial
by the following replacement rule [42],
P Td+2 = Pd+2
(
pk(T )→ pk(T )− F
2
T
4pi2
pk−1(T )
)
(2.19)
where pk(T ) is the k’th Pontryagin class of the tangent bundle. Then, ∆ICSd+1 is defined as
P Td+2 = dI
T
d+1 where I
T
d+1 = I
CS
d+1 + ∆I
CS
d+1. (2.20)
Note that the fictitious field AT will be turned off at the end of the computation, but its
effect on ∆IˆCSd+1 survives since Aˆ
T is non-zero. The sum of the three actions in (2.17) can
be written as the following simple form,
Wbulk +WNCS +WICS = 2pii
∫
N d+1
dt+ a
da
[
P Td+2 − Pˆ Td+2
]
AT=0
. (2.21)
The dimensional reduction of (2.21) gives the CS forms on Md−1 which are the only CS
terms in Wcov. Therefore, all CS terms in the covariant action can be computed from the
anomaly polynomial of the theory.
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For the quantized charges, the chemical potentials in (2.1) have the periodicity along
the imaginary direction, and their periodic shift is related to the large gauge transforma-
tion on S1. If we properly regulate the partition function to preserve the periodicity of
the chemical potentials, it is natural to obtain the covariant action as the effective action
in (2.2). The reason is that the covariant action itself is invariant under the background
gauge/diffeomorphism transformation even when the ’t Hooft anomaly is non-zero. There-
fore, in the rest of this paper, we will use Wcov to compute the partition function defined in
(2.1) and (2.2) to ensure the periodicity of the chemical potentials. As a related matter, the
presence of the Casimir energy prefactor can break the periodicity of the chemical potential.
Therefore, we speculate that the covariant action is related to the spectral/state-counting
part of the superconformal index. In section 3, it will be shown that our Cardy formula gives
the Cardy free energy of the superconformal index without the Casimir energy prefactor.
Aside from the CS action, the effective action receives two other types of contributions,
which we will denote Wnon-CS and Wzero. Wnon-CS is the non-CS terms in the derivative
expansion, and Wzero is the terms that are not captured in the derivative expansion due to
the contribution of the dynamical zero-modes. As a result, the partition function (2.1) can
be written as
Z = exp
[
−WCS −Wnon-CS −Wzero
]
(2.22)
where WCS ≡WICS +WNCS +Wbulk is the CS action determined in (2.21). Without evalu-
ating Wnon-CS and Wzero, the partition function can not be precisely obtained. However, in
the following subsection, we will show that in the certain scaling limit where the partition
function turns into the index, the evaluation of WCS is sufficient to determine the behavior
of the index in the Cardy limit.
2.2 6d index from Chern-Simons action
In this section, we focus on 6d superconformal field theories with SU(2)R R-symmetry on
S5 × S1. We will show that the modified index can be obtained from the small S1 limit of
the partition function. If we further take the Cardy limit (|ωI |  1) after taking the small
S1 limit, the leading term and a few subleading terms of the free energy can be determined
from the CS action on S5.
The 6d modified superconformal index (1.2) counts BPS states on S5, and takes the
following definition,
I = Tr
[
e−∆RQR · e−ω1J1−ω2J2−ω3J3
]
(2.23)
where the chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii and the other
flavor symmetry chemical potential is turned off (mi = 0). We turn off the other global
symmetries for simplicity. The partition function of the same 6d theory takes the following
definition,
Z = Tr
[
e−βE · e−∆RQR · e−ω1J1−ω2J2−ω3J3
]
. (2.24)
– 9 –
For the partition function, the chemical potentials are all independent, and it counts all
states on S5. However, one can turn the partition function to the index by imposing the
chemical potential constraint ∆R−ω1−ω2−ω3 = 2pii and taking β/r → 0 limit as follows,
I = lim
β/r→0
Z at ∆R − ω1 − ω2 − ω3 = 2pii (2.25)
where r is the radius of S5.
The original Cardy formula of 2d CFT [32] counts the degeneracy of the states in
a large spatial momentum limit, which is called the Cardy limit. The higher dimensional
generalization of the Cardy limit can be understood as the limit where JI ’s are large. In the
canonical ensemble, such a limit can be obtained by taking |ωI |  1 [26]. The Cardy limit
|ωI |  1 of the index I can be studied from the partition function Z by taking the β  r
limit first, and then taking |ωI |  1 limit later. It can be accomplished by considering the
following scaling limit,
β
r
 |ω1,2,3|  1. (2.26)
Now, let us evaluate the various terms of the effective action in the above scaling limit
(2.26).
With the chemical potentials turned on as (2.24), the background metric on S5×S1 is
given as follows,
gµνdx
µdxν = r2
[
dθ21 + sin
2 θ1dθ
2
2 +
3∑
i=1
n2i
(
dφi − iωi
β
dτ
)2]
+ dτ2
n1 = cos θ1, n2 = sin θ1 cos θ2, n3 = sin θ1 sin θ2 (2.27)
with temporal periodicity τ ∼ τ + β. The background SU(2)R R-symmetry gauge field
ASU(2) is turned on as
ASU(2) = A · TSU(2), A =
∆R
β
dτ (2.28)
where TSU(2) is the Cartan generator of SU(2) normalized as tradj[T 2SU(2)] = 2, and A is
the U(1) Cartan gauge field. One may worry that due to β in the denominators of the
background fields, the effective action might be singular in our scaling limit. However, we
will show that effective action is well-defined in our scaling limit. A similar setting was
considered in [26].
As introduced in (2.3), the metric and the gauge fields are reduced on S5 as follows,
gµνdx
νdxν = e−2Φ(dτ + a)2 + hijdxidxj
hijdx
idxj = r2
(
dθ21 + sin
2 θ1dθ
2
2 + n
2
i dφ
2
i +
r2
β2
(
∑
i ωin
2
i dφi)
2
1− r2
β2
∑
i n
2
iω
2
i
)
(2.29)
where hij is a metric of the squashed S5. We will temporarily assume that ωi’s are purely
imaginary so that the metric (2.29) is well defined. The extension to the complex ωi’s can
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be understood as the analytic continuation. The dilaton Φ and the graviphoton a are
e−2Φ = 1− r
2
β2
∑
i
n2iω
2
i , a = −i
r2
∑
i ωin
2
i dφi
β
(
1− r2
β2
∑
i n
2
iω
2
i
) . (2.30)
The background gauge field and the affine connection are
A = A0(dτ + a) + Aˆ, Γ = Γ0(dτ + a) + Γˆ. (2.31)
We should keep in mind that, due to (2.28), we should plug A0 = ∆Rβ and Aˆ = −A0a after
the computation. Now, let us evaluate the three contributions WCS, Wnon-CS, and Wzero in
the effective action (2.22) one by one.
First, we consider the CS terms WCS on S5. The explicit structure of the CS action
is determined from the thermal anomaly polynomial as (2.21). Let us consider the most
general form of the 6d anomaly polynomial with SU(2) R-symmetry and the tangent bundle
as follows,
P8 =
1
4!
(
a · c2(R)2 + b · c2(R)p1(T ) + c · p1(T )2 + d · p2(T )
)
(2.32)
where a, b, c and d are the ’t Hooft anomaly coefficients. The second Chern class of SU(2)
R-symmetry is defined as
c2(R) =
1
4(2pi)2
Tr[F2SU(2)] =
1
4(2pi)2
F2 (2.33)
where the capital trace is defined as Tr ≡ (h∨G)−1tradj and F = dA. Note that the dual
Coxeter number of SU(2) is h∨G = 2. The first and the second Pontryagin classes of the
tangent bundle are
p1(T ) = − 1
2(2pi)2
tr[R2], p2(T ) =
1
(2pi)4
(
− 1
4
tr[R4] +
1
8
(tr[R2])2
)
(2.34)
where R is a curvature two-form of 6d manifold. After applying the replacement rule (2.19),
the thermal anomaly polynomial is
P T8 =
1
4!
[
a · c2(R)2 + b · c2(R)
(
p1(T )− F
2
T
4pi2
)
+ c·
(
p1(T )− F
2
T
4pi2
)2
+ d·
(
p2(T )− F
2
T
4pi2
p1(T )
)]
(2.35)
where FT is the field strength of a fictitious U(1) gauge field defined in (2.18). The thermal
anomaly polynomial can be rearranged as follows,
P T8 =
a
6144pi4
F4 − b
1536pi4
F2F2T +
c
384pi4
F4T → gauge anomaly
− b
3072pi4
tr[R2]F2 +
2c + d
768pi4
tr[R2]F2T → mixed anomaly
− d
1536pi4
tr[R4] +
2c + d
3072pi4
tr[R2]2 → gravitational anomaly. (2.36)
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In (2.36), we divide the anomalies into the three types: gauge, mixed, and gravitational
anomalies. The CS action is then given by
WCS = 2pii
∫
N 7
dτ + a
da
[
P T8 − Pˆ T8
]
AT=0
(2.37)
where N 7 = B6 × S1 with ∂B6 = S5 such as a six-dimensional solid ball. The two-forms
can be written in terms of hatted two-forms as follows.
F = dA = Fˆ +A0da +O(dτ + a)
R = dΓ + Γ2 = Rˆ + Γ0da +O(dτ + a)
FT = FˆT +
2pii
β
da. (2.38)
Then, the thermal anomaly polynomial P T8 can be written as
P T8 = P
T
8
(
F→ Fˆ +A0da,R→ Rˆ + Γ0da,FT → FˆT + 2pii
β
da
)
+O(dτ + a). (2.39)
The terms of order O(dτ + a) do not contribute to the CS action since they vanish when
evaluating (2.37).
Now, let us compute the CS action from the thermal anomaly polynomial (2.36). We
first consider the gauge anomaly which gives the gauge CS action as follows,
Wgauge-CS = 2pii
∫
N 7
dτ + a
da
[ a
6144pi4
(
(Fˆ +A0da)
4 − Fˆ4
)
− b
1536pi4
(
(Fˆ +A0da)
2(FˆT +
2pii
β
da)2 − Fˆ2Fˆ2T
)
+
c
384pi4
(
(FˆT +
2pii
β
da)4
)
− Fˆ4T
]
AT=0
. (2.40)
The integral is defined on the N 7 = S1 ×B6, but it can be reduced on the boundary since
A0 is a constant. After integrating over S1, we obtain,
Wgauge-CS
= 2piiβ
∫
S5
[ a
6144pi4
(
A40adada + 4A
3
0Aˆdada + 6A
2
0adAˆdAˆ + 4A0AˆdAˆdAˆ
)
− b
384pi2β2
adAˆdAˆ− c
24pi2β4
adada
]
= 2pii
∫
S5
(
− a
6144pi4
(βA0)
4 − b
384pi2
(βA0)
2 − c
24
)
· 1
β3
adada (2.41)
where we used Aˆ = −A0a in the second equality. By a similar way, we can obtain the
mixed CS action as follows,
Wmixed-CS = 2pii
∫
S5
( b
3072pi4
(βA0)
2 +
2c + d
192pi2
)
· 1
β
atr[Rˆ2]. (2.42)
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The gravitational CS action is much more complicated, and it is unclear whether its form
is uniquely fixed on S5. The main complication is that Γ0 is not a constant unlike to A0.
Here, we list a few sample terms that can appear in the gravitational CS action as follows,
Wgrav-CS ⊃ β
∫
S5
tr[Γ40]adada, β
∫
S5
tr[Γ20]
2adada, ... (2.43)
where many other complicated terms are omitted. However, we do not need to evaluate
Wgravi-CS since they are subleading in our scaling limit, as will be discussed in the next
paragraph.
In our scaling limit, those three types of CS terms have different scaling behavior. The
gauge CS terms scales of order O((βr )0ω−3), the mixed CS terms scales of order O((βr )0ω−1),
and the gravitational CS terms scales of order O((βr )0ω logω). For the gauge CS action,
the corresponding CS term gives
1
β3
∫
S5
adada = i
(2pi)3ω1ω2ω3(
ω21 − β
2
r2
)(
ω22 − β
2
r2
)(
ω23 − β
2
r2
) = 8ipi3
ω1ω2ω3
[
1 +O
(
(
β
rω
)2
)]
. (2.44)
For the mixed CS action, the corresponding CS term gives
1
β
∫
S5
atr[Rˆ2] = 2i
(2pi)3ω1ω2ω3(ω
2
1 + ω
2
2 + ω
2
3)(
ω21 − β
2
r2
)(
ω22 − β
2
r2
)(
ω23 − β
2
r2
) = 16ipi3(ω21 + ω22 + ω23)
ω1ω2ω3
[
1 +O
(
(
β
rω
)2
)]
.
(2.45)
For the gravitational CS action, we present a contribution from a single term as an example
as follows,
β
∫
S5
tr[Γ40]adada = 32ipi
3
(ω41 + ω42 + ω43
2ω1ω2ω3
+
2ω1ω2ω3(3ω
2
1 + ω
2
2 + ω
2
3)
(ω21 − ω22)(ω21 − ω23)
logω1
+
2ω1ω2ω3(ω
2
1 + 3ω
2
2 + ω
2
3)
(ω22 − ω21)(ω22 − ω23)
logω2 +
2ω1ω2ω3(ω
2
1 + ω
2
2 + 3ω
2
3)
(ω23 − ω21)(ω23 − ω22)
logω3
)
×
[
1 +O
(
(
β
rω
)2
)]
.
(2.46)
In the constant dilaton background where ω ≡ ω1,2,3, we checked that the other gravitational
CS terms are also of order O(ω logω) or lower, which are subleading than the other CS
terms. Moreover, as we will argue shortly, the zero-mode contribution Wzero is considered
to be of order O(logω) which is more dominant than the gravitational CS terms. Since the
zero-mode contribution cannot be determined in the anomaly-based approach, we will ignore
the gravitational CS terms, and keep the only gauge and mixed CS terms to compute the
Cardy free energy. From (2.44) and (2.45), we obtain the following results for the anomaly
polynomial given in (2.32),
Wgauge-CS =
( a
384
∆4R +
bpi2
24
∆2R +
2cpi4
3
) 1
ω1ω2ω3
+O
(
(
β
rω
)2
)
Wmixed-CS = −
( b
96
∆2R +
(2c + d)pi2
6
)ω21 + ω22 + ω23
ω1ω2ω3
+O
(
(
β
rω
)2
)
. (2.47)
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Now, let us discuss the non-CS terms in the derivative expansion. In order to simplify
our discussion, we shall consider the constant dilaton background ω ≡ ω1,2,3 when evaluating
non-CS terms. The generic non-CS Lagrangian can be constructed from the graviphoton
field strength fij = β−1(∂iaj − ∂jai), the gauge field strength Fij = ∂iAˆj − ∂jAˆi, the
curvature Rˆijkl, and the two temporal scalars βA0, βΓij0. The exceeding number of the
lower indices should be contracted with the metric (βe−Φ)2hij . Also, there is an overall
metric determinant factor
√
det[(β−1eΦ)2hij ] . Note that all the quantities are normalized
to be dimensionless. In our scaling limit, those background fields are the order of 1
fij ∼ O
(
(
β
r
)0ω−1
)
, Fij ∼ ∆ · O
(
(
β
r
)0ω−1
)
, Rˆijkl ∼ O
(
(
β
r
)0ω0
)
, βA0 ∼ ∆ · O
(
(
β
r
)0ω0
)
,
βΓij0 ∼ O
(
(
β
r
)0ω1
)
, (βe−Φ)2hij ∼ O
(
(
β
r
)0ω2
)
, (βe−Φ)−5
√
det[hij ] ∼ O
(
(
β
r
)1ω−6
)
(2.48)
Now let us consider a general form of the Lagrangian L(n1, n2, n3, n4, n5, n6) which consists
of n1 numbers of fij , n2 numbers of Fij , n3 numbers of Rˆijkl, n4 numbers of βA0, n5 numbers
of βΓij0, and 2n6 numbers of derivative ∇i where all ni’s are non-negative integers. The
indices are contracted with n1 +n2 +n3 +n6 numbers of (βe−Φ)2hij . After integrating over
S5, the lowest possible order of the action is∫
S5
L(n1, n2, n3, n4, n5, n6) ∼ ∆n2+n4 · O
(
(
β
r
)1 · ω−6+n1+n2+2n3+n5+2n6
)
(2.49)
which is suppressed in our scaling limit due to the overall (β/r)1 factor. Our result (2.49)
does not follow a naive derivative expansion argument that the n’th derivative term comes
with an additional βn power, since the background fields themselves consists β−1 factor.
However, in our scaling limit, all non-CS terms are suppressed by the overall β factor, and
higher derivative terms are more suppressed with higher ω powers. Therefore, the thermal
derivative expansion is valid for our background fields.
The result (2.49) is based on the leading order counting of (2.48). An honest evaluation
of the action can give a smaller leading order if the cancellation happens at the expected
leading order. In any case, the true leading order should be equal or subleading than the
predicted leading order in (2.49). For all non-CS terms on S5 evaluated in [26], we checked
that they are consistent with our prediction.
Lastly, let us discuss Wzero, which is the contribution from the dynamical zero-modes.
The structure of the zero-modes is given by 5d SYM on the squashed S5. The 5d SYM has
a coupling constant g2YM ∼ βe−Φ which becomes g2YM ∼ O(rω) in our scaling limit. The
5d SYM is weakly coupled in the IR, and it is unlikely that the free energy has the terms
proportional to the negative power of the coupling constant. Possibly the most severe IR
divergence of the free energy would be log g2YM ∼ O(logω) [26]. In this paper, we assume
that Wzero ∼ O(logω) in our scaling limit.
1(βe−Φ)2hij has non-zero components of order O
(
(β
r
)−2ω4
)
for xi,j ∈ {φ1, φ2, φ3}. However, those com-
ponents are contracted with ∂/∂φ1,2,3, and their contribution to the action vanishes since the background
fields are independent of φ1,2,3 coordinates.
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As a conclusion, we would like to emphasize that bothWnon-CS andWzero are suppressed
in our scaling limit, but with different origins. Wnon-CS is of order O(βr ), and it does not
contribute to the index at the strict index point β/r → 0 given in (2.25). On the other
hand, Wzero can contribute to the index, but it is subleading in the Cardy limit |ω|  1.
As a result, Cardy free energy can be obtained from the CS action as follows,
log I = − lim
β/r→0
WCS +O(logω). (2.50)
For the anomaly polynomial given in (2.32), we obtain the following results,
log I =−
( a
384
∆4R +
bpi2
24
∆2R +
2cpi4
3
) 1
ω1ω2ω3
+
( b
96
∆2R +
(2c + d)pi2
6
)ω21 + ω22 + ω23
ω1ω2ω3
+O(logω). (2.51)
where the chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. The ’t Hooft
anomaly determines not only the leading order O(ω−3) term, but also the subleading cor-
rections up to O(ω−1). The O(logω) correction includes the zero-mode contribution, which
cannot be determined from the anomaly. In the following sections, we will compute the
Cardy formula of various 6d SCFTs with (1,0) and (2,0) supersymmetries using the method
explained so far.
3 Cardy formulas of 6d SCFTs
As a preliminary, let us define the superconformal index and the modified index of 6d SCFTs
and elaborate on the relation between them.
The superconformal index of 6d (2,0) SCFT is defined as follows,
I(∆1,2, ω1,2,3) = Tr
[
(−1)F · e−β′{Q,Q†} · e−∆1Q1−∆2Q2 · e−ω1J1−ω2J2−ω3J3
]
. (3.1)
The superconformal algebra of 6d (2,0) theories has a maximal bosonic subalgebra SO(6, 2)×
SO(5) [48]. The Cartans of SO(6, 2) are the energy E and three angular momenta J1,2,3.
The (2,0) R-symmetry is SO(5) ⊃ SU(2)L×SU(2)R whose Cartans are QL,R. In (3.1), Q1,2
are defined as Q1 = QR +QL and Q2 = QR −QL. Sixteen Poincare supercharges of (2,0)
theories are labelled by Qs1,s2,s3t1,t2 where sI , tI = ±1 and s1s2s3 < 0. The anticommutation
relation between the supercharges is given as follows,
{Qs1,s2,s3t1,t2 , (Qs1,s2,s3t1,t2 )†} = E + s1J1 + s2J2 + s3J3 − 2(t1Q1 + t2Q2). (3.2)
When the operators in the trace of (3.1) are acted on the supercharge, we obtain the
following factor,
e−ω1J1−ω2J2−ω3J3 · e−∆1Q1−∆2Q2 · Qs1,s2,s3t1,t2
=e
1
2
(s1ω1+s2ω2+s3ω3+t1∆1+t2∆2) · Qs1,s2,s3t1,t2 · e−ω1J1−ω2J2−ω3J3 · e−∆1Q1−∆2Q2 . (3.3)
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Let us define the superconformal index (3.1) with the supercharge Q ≡ Q−−−++ . Then, the
BPS states saturate the BPS bound given by
E ≥ J1 + J2 + J3 + 4QR (3.4)
and the chemical potentials are constrained by
∆R − ω1 − ω2 − ω3 = 0 (mod 4pii) (3.5)
where ∆R = ∆1 + ∆2 and ∆L = ∆1 − ∆2. As a result, the index is independent of the
regulator β′ and we can turn it off to zero.
Now, we introduce the modified version of the (2,0) index defined as follows,
I(∆L,R, ω1,2,3) = Tr
[
e−ω1J1−ω2J2−ω3J3 · e−∆RQR−∆LQL
]
(3.6)
where the chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. Although the
original index I (3.1) and the modified index I (3.6) are different in their expressions, they
are equivalent up to the shift of the chemical potentials as follows,
I(∆L,∆R, ω1, ω2, ω3) = I(∆L,∆R, ω1, ω2, ω3 − 2pii). (3.7)
The 2pii shift of ω3 in (3.6) yields e2piiJ3 factor. Since J3 is quantized to be integer for
bosonic states and half-integer for fermionic states, one can replace e2piiJ3 by (−1)F , thus
proving (3.7).
Now, let us move on to the indices of (1,0) SCFT. The superconformal index of 6d (1,0)
SCFT is defined as follows,
I(∆, ω1,2,3, xi) = Tr
[
(−1)F · e−β′{Q,Q†} · e−∆RQR · e−ω1J1−ω2J2−ω3J3 ·
∏
i
e−miFi
]
. (3.8)
The superconformal algebra of 6d (1,0) theories has maximal bosonic subgroup SO(6, 2)×
SU(2)R [48]. The Cartans of SO(6, 2) are the energy E and three angular momenta J1,2,3.
The Cartan of SU(2)R R-symmetry isQR. For (1,0) theories, there can be flavor symmetries
with Cartan charges Fi and chemical potentials mi. Eight Poincare supercharges of (1,0)
theories are labelled by Qs1,s2,s3t with sI , t = ±1 with s1s2s3 < 0. We take Q ≡ Q−−−+ to
define the index. Then the BPS bound is given by
E ≥ J1 + J2 + J3 + 4QR (3.9)
with the following chemical potential constraints,
∆R − ω1 − ω2 − ω3 = 0 (mod 4pii). (3.10)
Now, we introduce the modified version of the (1,0) index defined as follows,
I = Tr
[
e−∆RQR · e−ω1J1−ω2J2−ω3J3 ·
∏
i
e−miFi
]
(3.11)
where the chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. As well as the
(2,0) index, the modified index and the original index of (1,0) SCFTs related as follows,
I(mi,∆R, ω1, ω2, ω3) = I(mi,∆R, ω1, ω2, ω3 − 2pii). (3.12)
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3.1 (1,0) SCFT without flavor chemical potentials
In this section, we consider a modified superconformal index of general 6d (1,0) given as
follows,
I = Tr
[
e−∆RQR · e−ω1J1−ω2J2−ω3J3
]
(3.13)
where chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. The anomaly
polynomial of the 6d SCFT takes the following form,
P8 =
1
4!
(
a · c2(R)2 + b · c2(R)p1(T ) + c · p1(T )2 + d · p2(T )
)
(3.14)
with the theory dependent coefficients a, b, c and d. The definitions of c2(R) and p1,2(T ) are
given in (2.33) and (2.34). From the above anomaly polynomial, we derived the following
Cardy formula in section 2.2 as follows,
log I =−
( a
384
∆4R +
bpi2
24
∆2R +
2cpi4
3
) 1
ω1ω2ω3
+
( b
96
∆2R +
(2c + d)pi2
6
)ω21 + ω22 + ω23
ω1ω2ω3
+O(logω)
(3.15)
By inserting the chemical potential constraint ∆R = 2pii+ω1 +ω2 +ω3 , we can rearrange
the Cardy formula (3.15) as follows,
log I = −pi
4(a− 4b + 16c)
24
1
ω1ω2ω3
+
ipi3(a− 2b)
12
ω1 + ω2 + ω3
ω1ω2ω3
+
pi2(3a− 4b + 16c + 8d)
48
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
+
pi2(3a− 2b)
24
ω1ω2 + ω2ω3 + ω3ω1
ω1ω2ω3
+O(logω)
(3.16)
In this section, we will test our Cardy formula by comparing it with the known indices of
6d (1,0) free hyper and tensor multiplets. The indices are computed in the appendix B.
The modified superconformal indices of (1,0) free hyper and tensor multiplets are given
as follow,
Ihyp = exp
∞∑
n=1
2
n
(−q1q2q3)n
(1− q2n1 )(1− q2n2 )(1− q2n3 )
Iten = exp
∞∑
n=1
1
n
(q1q2q3)
2n − (q1q2)2n − (q2q3)2n − (q3q1)2n
(1− q2n1 )(1− q2n2 )(1− q2n3 )
(3.17)
where fugacities are defined as qI = e−ωI/2. In the Cardy limit, the free energy can be
expanded as follows,
log Ihyp =
∞∑
n=1
[2(−1)n
n4
1
ω1ω2ω3
− (−1)
n
12n2
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
+O(ω)
]
log Iten =
∞∑
n=1
[
− 2
n4
1
ω1ω2ω3
− 1
6n2
ω21 + ω
2
2 + ω
2
3 − 3(ω1ω2 + ω2ω3 + ω3ω1)
ω1ω2ω3
− 1
2n
+O(ω)
]
.
(3.18)
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As can be seen, the sum over n becomes divergent after O(ω−1) order. This divergence
signals the breakdown of the perturbative expansion of small ω after O(ω−1). We expect
that after O(ω−1) order, there exist O(logω) terms that cannot be captured from the
perturbative expansion. At least for the unrefined abelian (2,0) tensor index, the existence
of those terms will be explicitly shown in the next subsection. Therefore, after summing
over n, we can expand our Cardy free energy as follows,
log Ihyp = −7pi
4
360
1
ω1ω2ω3
+
pi2
144
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
+O(logω)
log Iten = −pi
4
45
1
ω1ω2ω3
− pi
2
36
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
+
pi2
12
ω1ω2 + ω2ω3 + ω3ω1
ω1ω2ω3
+O(logω). (3.19)
Now, we compare the free energy (3.19) with our Cardy formula (3.16). The anomaly
coefficients of the free hyper and tensor multiplets are given by [14]
hyper: a = 0, b = 0, c =
7
240
, d = − 1
60
tensor: a = 1, b =
1
2
, c =
23
240
, d = −29
60
(3.20)
By plugging the anomaly coefficients (3.20) to the Cardy formula (3.16), we can check that
our Cardy formula gives the correct answers for all the result given in (3.19).
3.2 (2,0) SCFT of ADE type
6d (2,0) superconformal field theories have a well-known ADE classification [49, 50]. They
are engineered from IIB string theory on C2/Γ where Γ is a discrete ADE subgroup of
SU(2). For AN−1 SCFT with a single free tensor multiplet, it has the M-theory origin as
a worldvolume theory of N coincident M5-branes [51]. In this section, we study the super-
conformal indices of (2,0) theories in the Cardy limit using the background field method
introduced in section 2.
The background fields of 6d (2,0) SCFTs are the metric gµν and the R-symmetry gauge
field AL,RSU(2). The explicit form of the metric and the graviphoton fields are written in (2.29)
and (2.30). We turn on Cartans of two SU(2) gauge fields AL,RSU(2) of SU(2)L × SU(2)R ⊂
SO(5) as follows,
AL,RSU(2) = A
L,R · TSU(2) (3.21)
where TSU(2) is the Cartan generator of SU(2) normalized as tradj[(TSU(2))2] = 2. AL,R
are U(1) Cartan gauge fields that have the following form,
AL,R = AL,R0 (dτ + a) + Aˆ
L,R, AL,R0 =
∆L,R
β
. (3.22)
At the end of the computation, we will insert AˆL,R = −AL,R0 a to make the background
gauge fields purely temporal.
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As explained in section 2, the Chern-Simons terms of the background effective action
is determined from the anomaly polynomial. The anomaly polynomial of a 6d (2,0) SCFT
of type G is given by [14]
P8 =
h∨GdG
24
p2(N) +
rG
48
[
p2(N)− p2(T ) + 1
4
(
p1(N)− p1(T )
)2]
. (3.23)
Here, h∨G is a dual Coxeter number, dG is a group dimension, and rG is a rank of G. Various
group-theoretic constants are listed in the table 1. The Pontryagin classes of the tangent
bundle are defined in (2.34). For SO(5) normal bundle, its Pontryagin classes can be written
in terms of Chern-classes of SU(2)L,R as follows,
p1(N) = −2
(
c2(L) + c2(R)
)
, p2(N) =
(
c2(L)− c2(R)
)2
c2(L,R) =
1
4(2pi)2
Tr[(FL,RSU(2))
2] (3.24)
where FL,RSU(2) is a field strength two-form of A
L,R
SU(2), and c2 is the second Chern-class. The
capital trace is defined as Tr ≡ (h∨G)−1tradj.
According to the replacement rule (2.19), the thermal anomaly polynomial P T8 is given
as follows,
P T8 =
h∨GdG
24
p2(N) +
rG
48
[
p2(N)−
(
p2(T )− F
2
T
4pi2
p1(T )
)
+
1
4
(
p1(N)− p1(T ) + F
2
T
4pi2
)2]
(3.25)
where FT is the field strength two-form of the fictitious gauge field AT which was introduced
in (2.18). The CS action on S5 are given as (2.21),
WCS = 2pii
∫
N 7
dt+ a
da
[
P T8 − Pˆ T8
]
AT=0
(3.26)
where N 7 = B6 × S1 with a six-dimensional solid ball B6 with the boundary S5. After
some computation, we obtain the following Chern-Simons action on S5,
WCS =
i
β3
∫
S5
adada·
(
− h
∨
GdG + rG
3072pi3
(∆2R −∆2L)2 −
rG
1536pi3
(∆2R + 4pi
2)(∆2L + 4pi
2)
)
+
i
β
∫
S5
atr[Rˆ2] · rG
3072pi3
(∆2R + ∆
2
L − 8pi2) +Wgrav-CS. (3.27)
The gravitational CS action Wgrav-CS can be ignored in the Cardy limit. The integration
over S5 can be evaluated by (2.44) and (2.45). In the scaling limit (2.26), we obtain
WCS =
h∨GdG + rG
384
(∆2R −∆2L)2
ω1ω2ω3
+ rG
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+Wgrav-CS +O(β
r
)
(3.28)
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Then the Cardy free energy can be obtained from (3.28) and (2.50) as follows,
log I = −h
∨
GdG + rG
384
(∆2R −∆2L)2
ω1ω2ω3
− rG
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+O(logω) (3.29)
where the chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii.
The chemical potentials are periodic variables with 4pii periodicity. In the Cardy limit,
∆L is the only relevant parameters with the periodicity since the other chemical potentials
are fixed near ω1,2,3 ' 0 and ∆R ' 2pii. We will see in the following paragraphs that for
6d (2,0) theories, our expression (3.29) is valid in the following range which we shall call a
‘canonical chamber’,
−2pi < Im[∆L] < 2pi (3.30)
The index outside the canonical chamber can be obtained from (3.29) by 4pii periodic shift
of ∆L.
Aside from the interacting 6d (2,0) SCFTs with ADE type, there is a free 6d (2,0)
theory, which is made of the Abelian (2,0) tensor multiplet. For a single Abelian tensor
multiplet, its anomaly polynomial is given as follows,
P8 =
1
48
[
p2(N)− p2(T ) + 1
4
(
p1(N)− p1(T )
)2]
. (3.31)
The anomaly polynomial (3.31) takes the same form with (3.23) if we set h∨GdG = 0 and
rG = 1. Therefore, the Cardy free energy of the tensor multiplet is given as follows,
log I = − 1
384
(∆2R −∆2L)2
ω1ω2ω3
−
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+O(logω). (3.32)
The closed-form expression of the superconformal index of the free (2,0) tensor multiplet
is known, and we can directly check our Cardy formula (3.32). The superconformal index
of the free tensor multiplet is known as follows,
IU(1) = Tr
[
(−1)F · e−∆LQL−∆RQR · e−ω1J1−ω2J2−ω3J3
]
, (∆R − ω1 − ω2 − ω3 = 0)
= exp
∞∑
n=1
1
n
[e−n∆R+∆L2 + e−n∆R−∆L2 − e−n(ω1+ω2) − e−n(ω2+ω3) − e−n(ω3+ω1) + e−n(ω1+ω2+ω3)
(1− e−nω1)(1− e−nω2)(1− e−nω3)
]
.
(3.33)
As explained in (3.7), the superconformal index (3.33) can be turned into the modified
index by shifting the chemical potentials as ω3 → ω3 + 2pii. Then we obtain the following
modified index,
IU(1) = Tr
[
e−∆RQR−∆LQL · e−ω1J1−ω2J2−ω3J3
]
, (∆R − ω1 − ω2 − ω3 = 2pii)
= exp
∞∑
n=1
1
n
[e−n∆R+∆L2 + e−n∆R−∆L2 − e−n(ω1+ω2) − e−n(ω2+ω3) − e−n(ω3+ω1) + e−n(ω1+ω2+ω3)
(1− e−nω1)(1− e−nω2)(1− e−nω3)
]
.
(3.34)
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In the Cardy limit, after inserting ∆R = 2pii + ω1 + ω2 + ω3, the index be expanded as
follows,
log IU(1) =
∞∑
n=1
[(−1)nen∆L/2 + (−1)ne−n∆L/2 − 2
n4ω1ω2ω3
+
−4ω21 − 4ω22 − 4ω22 + 12ω1ω2 + 12ω2ω3 + 12ω3ω1 − (−1)n(en∆L/2 + e−n∆L/2)(ω21 + ω22 + ω23
24n2ω1ω2ω3
)
− 1
2n
+O(ω)
]
. (3.35)
The n summation becomes divergent after O(ω−1). This divergence signals the breakdown
of the perturbative expansion of small ω after O(ω−1). We expect that the free energy
has O(logω) correction after O(ω−1) order which is consistent with our assumption of the
zero-modes. The O(logω) correction can be explicitly seen in the index if we unrefine the
chemical potentials as ω1,2,3 = ω and ∆L = 2pii. Then the modified index (3.34) can be
written as follows,
Iunrefined = exp
∞∑
n=1
1
n
[2q3n − 3q4n + q6n
(1− q2n)3
]
=
∞∏
k=3
(qk; q2)(−1)
k(k−1), q = e−ω/2 (3.36)
where the q-Pochhammer symbol is defined as (a; q) =
∏∞
k=0(1 − aqk). The asymptotic
expansion of the q-Pochhammer symbol for small ω is [52]
(qk; q2) = exp
[
− pi
2
6ω
+
1− k
2
logω +O(ω0)
]
. (3.37)
Using (3.37), the infinite product over k in (3.36) can be well-regulated, and we obtain the
following asymptotic expansion of the unrefined free energy,
log Iunrefine = exp
[pi2
8ω
+
1
2
logω +O(ω0)
]
(3.38)
which is consistent with the perturbative expansion (3.35) up to O(ω−1). Therefore, we
will trust our perturbative expansion (3.35) up to O(ω−1), keeping in mind the existence
of O(logω) correction.
The infinite sum over n in (3.35) can be done with the polylogarithm functions as
follows,
log IU(1) =
1
ω1ω2ω3
(
Li4(−e∆L/2) + Li4(−e−∆L/2)− pi
4
45
)
+
2pi2(−ω21 − ω22 − ω23 + 3ω1ω2 + 3ω2ω3 + 3ω3ω1)− 3(ω21 + ω22 + ω23)
(
Li2(−e∆L/2) + Li2(−e−∆L/2)
)
72ω1ω2ω3
+O(logω). (3.39)
We can further simplify the above expression by using the following polylogarithm identities,
Lim(−ex) + (−1)mLim(−e−x) = −(2pii)
m
m!
Bm
(1
2
+
x
2pii
)
, −pi < Im[x] < pi (3.40)
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where Bm is the m’th Bernoulli polynomial defined as te
xt
et−1 =
∑∞
n=0Bn(x)
tn
n! . In the
canonical chamber −2pi < Im[∆L] < 2pi (3.30), the index takes the following form,
log IU(1) = −
1
384
(∆2L + 4pi
2)2
ω1ω2ω3
+
(ω21 + ω
2
2 + ω
2
3)∆
2
L − 4pi2(ω21 + ω22 + ω23 − 4ω1ω2 − 4ω2ω3 − 4ω3ω1)
192ω1ω2ω3
+O(logω). (3.41)
After inserting ∆R = 2pii+ ω1 + ω2 + ω3 to the Cardy formula of the free tensor multiplet
(3.32), it is straightforward to check that (3.41) and (3.32) are exactly the same up to
O(ω−1).
3.3 E-string theory of arbitrary rank
For (1,0) theories, there is no simple classification as ADE classification of (2,0) theories.
The general (1,0) theories are engineered from F-theory on an elliptic Calabi-Yau threefold,
and most of them admit atomic classification [53]. In this subsection and the next subsec-
tion, we will focus on two examples of (1,0) theories that can be engineered from M-theory
as well.
A rank N E-string theory is the world volume theory of N M5-branes on a M9-brane
[54, 55]. The transverse space of M5-branes is R4 × R>0 where R4 is embedded in the
M9-brane. The transverse R4 directions host SO(4) ' SU(2)R × SU(2)L global symmetry
where SU(2)R acts as the (1,0) R-symmetry and SU(2)L acts as a flavor symmetry. Also,
there is E8 global symmetry from the M9-brane. The superconformal index takes the
following definition,
I = Tr
[
e−ω1J1−ω2J2−ω3J3 · e−∆RQR−∆LQL ·
8∏
a=1
e−maFa
]
(3.42)
where the chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. Also, Fa’s are
Cartans of E8 with chemical potentials ma.
The background gauge fields are AR for SU(2)R, AL for SU(2)L, and AE for E8 which
take the following forms,
AL,R =
∆L,R
β
TSU(2)dτ, AE =
8∑
a=1
ma
β
T aE8dτ (3.43)
where T aE8 ’s are Cartan generators of E8 normalized as tradj[T
a
E8
T bE8 ] = 60δab. The anomaly
polynomial of the rank N E-string theory is given as [14]
P8 =
N3 −N
24
p2(N) +
N
48
[
p2(N)− p2(T ) + 1
4
(
p1(T )− p1(N)
)2]
+
N
2
(N
2
χ4(N) + I4
)2
(3.44)
where
I4 =
1
4
( 1
(2pi)2
Tr[F2E ] + p1(T ) + p1(N)
)
, χ4(N) = c2(L)− c2(R) (3.45)
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and FE is a field strength two-form of AE . The definitions for Pontryagin classes of the
normal bundle and the tangent bundle can be found in (2.34) and (3.24). The thermal
anomaly polynomial is given by
P T8 =
N3 −N
24
p2(N) +
N
48
[
p2(N)−
(
p2(T )− F
2
T
4pi2
p1(T )
)
+
1
4
(
p1(N)− p1(T ) + F
2
T
4pi2
)2]
+
N
2
[N
2
χ4(N) +
1
4
(
Tr[F2E ] + p1(T )−
F2T
4pi2
+ p1(N)
)]2
. (3.46)
Then the CS action of background fields on S5 is given as follows,
WCS = 2pii
∫
N 7
dτ + a
da
[
P T8 − Pˆ T8
]
. (3.47)
For the background fields introduced above, the CS action can be written as follows,
WCS =
i
256pi3β3
∫
S5
adada·
[
− N
3
3
(∆2R −∆2L)2 +
N2
2
(∆2R −∆2L)(4
∑
a
m2a + 8pi
2 −∆2R −∆2L)
− N
12
(
3(∆4R + ∆
4
R) + 8∆
2
R∆
2
L − 40pi2(∆2R + ∆2L) + 24(8pi2 −∆2R −∆2L)
∑
a
m2a + 48(
∑
a
m2a)
2 + 224pi4
)]
+
i
3072pi3β
∫
S5
atr[Rˆ2]·
[
− 6N2(∆2R −∆2L) +N
(
40pi2 − 5(∆2R + ∆2L) + 24
∑
a
m2a
)]
+Wgrav-CS. (3.48)
Again, pure gravitational CS terms can be ignored in the Cardy limit. After evaluating the
integral over S5, the Cardy free energy can be obtained as follows,
log I =
1
32ω1ω2ω3
[
− N
3
3
(∆2R −∆2L)2 +
N2
2
(∆2R −∆2L)(4
∑
a
m2a + 8pi
2 −∆2R −∆2L)
− N
12
(
3(∆4R + ∆
4
L) + 8∆
2
R∆
2
L − 40pi2(∆2R + ∆2L) + 24(8pi2 −∆2R −∆2L)
∑
a
m2a + 48(
∑
a
m2a)
2 + 224pi4
)]
+
ω21 + ω
2
2 + ω
2
3
192ω1ω2ω3
[
− 6N2(∆2R −∆2L) +N
(
40pi2 − 5(∆2R + ∆2L) + 24
∑
a
m2a
)]
+O(logω)
(3.49)
where chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii.
3.4 M5 branes on ALE singularities
In this section, we consider another (1,0) SCFT, which is the worldvolume theory of N
M5-branes probing C2/ΓG singularity. It has the following quiver theory description,
G0 −G1 − ...−GN−1 − GN (3.50)
where G1,...,N−1 are gauge symmetries and G0,N are flavor symmetries of the same simply
laced Lie group G. The line − denotes a ‘conformal matter’ which is a weakly coupled
hyper multiplet if G = AN , but becomes another nontrivial 6d SCFT with a fractionalized
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M5-brane when G is DN or EN [56]. We also have vector multiplets for each of the gauge
node and a tensor multiplet as a center of the mass degrees of freedom. The 6d theory has
SU(2) R-symmetry and G0 ×GN flavor symmetry. The modified superconformal index is
defined as follows,
I = Tr
[
e−∆RQR · e−ω1J1−ω2J2−ω3J3 ·
rG∏
i=1
e−xiMi−yiNi
]
(3.51)
where chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. Here, Mi’s are
Cartans of G0 and Ni’s are Cartans of GN . xi’s and yi’s are their chemical potentials
respectively.
The background gauge fields AR for SU(2)R R-symmetry and A0,N for G0 and GN
flavor symmetry are turned on as
AR =
∆R
β
TSU(2)dτ, A0 =
xi
β
T iGdτ, AN =
yi
β
T iGdτ (3.52)
where T iG’s are the Cartan generators of G. The anomaly polynomial of this theory is given
by [14]
P8 =
|Γ|2N3
24
c2(R)
2 − N
48
c2(R)
(
|Γ|(rG + 1)− 1
)(
4c2(R) + p1(T )
)
− N
8(2pi)2
|Γ|c2(R)
(
Tr[F20] + Tr[F
2
N ]
)
+
N
8
(1
6
c2(R)p1(T )− 1
6
p2(T ) +
1
24
p1(T )
2
)
− 1
2
P vec8 (F0)−
1
2
P vec8 (FN )−
1
2(2pi)4N
(1
4
Tr[F20]−
1
4
Tr[F2N ]
)2
(3.53)
where F0,N is a field strength of the flavor symmetry G0,N . The anomaly polynomial of a
vector multiplet P vec8 is
P vec8 (F) =−
1
24
( h∨G
(2pi)4
Tr[F4] +
6h∨G
(2pi)2
c2(R)Tr[F2] + dGc2(R)2
)
− 1
48
( h∨G
(2pi)2
Tr[F2] + dGc2(R)
)
p1(T )− dG 7p1(T )
2 − 4p2(T )
5760
. (3.54)
The various group theoretic parameters are listed in the table 1.
Now it is straight forward to compute the CS action of the background fields as follows,
WCS = 2pii
∫
N 7
dt+ a
da
[
P T8 − Pˆ T8
]
AT=0
. (3.55)
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SU(k) SO(2k) E6 E7 E8
rG k − 1 k 6 7 8
h∨G k 2k − 2 12 18 30
dG k
2 − 1 k(2k − 1) 78 133 248
sG 1/2 1 3 6 30
tG 2k 2k − 8 0 0 0
uG 2 4 6 8 12
|Γ| k 4k − 8 24 48 120
Table 1. Group-theoretic constants for ADE type. We follow the convention of [14].
For the background fields introduced above, the CS action is given as follows,
WCS = − i
3072pi3β3
∫
S5
adada·
(
N3|Γ|2∆4R
−N
[
2
(
|Γ|(rG + 1)− 1
)
∆4R + 4∆
2
R
(
2pi2(|Γ|(rG + 1)− 2) + 3|Γ|(T2(x) + T2(y))
)
− 32pi4
]
+ dG∆
4
R + ∆
2
R
(
8pi2dG + 12hG(T2(x) + T2(y))
)
+ 8hG
(
2pi2(T2(x) + T2(y)) + T4(x) + T4(y)
)
+
112pi4
15
dG − 12
N
(
T2(x)− T2(y)
)2)
− i
3072pi3β
∫
S5
atr[Rˆ2]·
[
N
(
|Γ|(rG + 1)− 2
)
∆2R + 8pi
2
)
−
(
dG∆
2
R + 2hG(T2(x) + T2(y)) +
4pi2
3
dG
)]
+Wgrav-CS (3.56)
where the function Tn is defined as
Tn(x) = Tr
[ rG∑
i=1
(xiT
i
G)
n
]
. (3.57)
Again, the pure gravitational CS terms are ignored in the Cardy limit. Then, we obtain
the following expression for the Cardy free energy,
log I = − 1
384ω1ω2ω3
(
N3|Γ|2∆4R
−N
[
2
(
|Γ|(rG + 1)− 1
)
∆4R + 4∆
2
R
(
2pi2(|Γ|(rG + 1)− 2) + 3|Γ|(T2(x) + T2(y))
)
− 32pi4
]
+ dG∆
4
R + ∆
2
R
(
8pi2dG + 12hG(T2(x) + T2(y))
)
+ 8hG
(
2pi2(T2(x) + T2(y)) + T4(x) + T4(y)
)
+
112pi4
15
dG − 12
N
(
T2(x)− T2(y)
)2)
− ω
2
1 + ω
2
2 + ω
2
3
192ω1ω2ω3
[
N
(
(|Γ|(rG + 1)− 2)∆2R + 8pi2
)
−
(
dG∆
2
R + 2hG(T2(x) + T2(y)) +
4pi2
3
dG
)]
+O(logω) (3.58)
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where the chemical potentials constrained by ∆R − ω1 − ω2 − ω3 = 2pii.
Now, in order to check our Cardy formula (3.58), let us consider a single M5-brane
probing C2/Zk singularity which has the following quiver description,
SU(k)0 − SU(k)1 . (3.59)
The above quiver theory is described by a single free (1,0) tensor multiplet and a free hyper
multiplet charged under the two flavor symmetries SU(k)0,1. The superconformal index is
given by [57]
I = Tr
[
(−1)F · e−ω1J1−ω2J2−ω3J3) · e−∆RQR ·
k−1∏
i=1
e−xiMi−yiNi
]
,
(
∆R − ω1 − ω2 − ω3 = 0
)
= exp
∞∑
n=1
1
n
1
(1− e−nω1)(1− e−nω2)(1− e−nω3)
(
e−n(ω1+ω2+ω3) − e−n(ω1+ω2) − e−n(ω2+ω3) − e−n(ω3+ω1)
+ e−n
∆R
2 χ(nx) · χ¯(ny) + e−n∆R2 χ¯(nx) · χ(ny)
)
. (3.60)
Here QR is the SU(2) R-symmetry Cartan. Mi’s and Ni’s are SU(k)0 and SU(k)1 charges
respectively. For k = 1, the index (3.60) reduces to the index of the free (2,0) tensor
multiplet (3.33). χ is the fundamental character of SU(k), and χ¯ is the anti-fundamental
character. It is convenient to define a new set of basis Xi’s for the SU(k)0 chemical
potentials as follows,
xiT
i
fund = diag
(
X1, X2, ..., Xk
)
(3.61)
where Xi’s satisfy
∑k
i=1Xk = 0. We define Yi’s in a similar way as Xi’s. Then, the
(anti-)fundamental characters are written as
χ(nx) =
k∑
i=1
e−nXk , χ¯(nx) =
k∑
i=1
enXk . (3.62)
The index (3.60) can be turned into the modified index by shifting ω3 → ω3 + 2pii. Then,
the modified index is given as follows,
I = Tr
[
e−ω1J1−ω2J2−ω3J3 · e−∆RQR ·
k−1∏
i=1
e−xiMi−yiNi
]
,
(
∆R − ω1 − ω2 − ω3 = 2pii
)
= exp
∞∑
n=1
1
n
1
(1− e−nω1)(1− e−nω2)(1− e−nω3)
(
e−n(ω1+ω2+ω3) − e−n(ω1+ω2) − e−n(ω2+ω3) − e−n(ω3+ω1)
+ e−n
∆R
2 χ[nx] · χ¯[ny] + e−n∆R2 χ¯[nx] · χ[ny]
)
. (3.63)
The small ω expansion of the free energy is
log I =
∞∑
n=1
[−2 + (−1)n(χ[nx] · χ¯[ny] + χ¯[nx] · χ[ny])
n4ω1ω2ω3
+
1
24n2ω1ω2ω3
(
− 4ω21 − 4ω22 − 4ω23 + 12ω1ω2 + 12ω2ω3 + 12ω3
− (−1)n(ω21 + ω22 + ω23)(χ[nx] · χ¯[ny] + χ¯[nx] · χ[ny])
)
− 1
2n
+O(ω)
]
. (3.64)
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Again, we encounter a divergent term which signals the breakdown of the perturbative
expansion after O(ω−1) order. As we have seen, the subleading terms after O(ω−1) contain
O(logω) correction. However, the terms up to O(ω−1) is sufficient to check the validity
of (3.58). The infinite n summations can be done by using the polylogarithm functions as
follows,
log I =
1
ω1ω2ω3
[
− pi
4
45
+
k∑
i,j=1
(
Li4(−e−Xi+Yj ) + Li4(−eXi−Yj )
)]
+
1
24ω1ω2ω3
[pi2
6
(
− 4ω21 − 4ω22 − 4ω23 + 12ω1ω2 + 12ω2ω3 + 12ω3ω1
)
− (ω21 + ω22 + ω23)
k∑
i,j=1
(
Li2(−e−Xi+Yj ) + Li2(−eXi−Yj )
)]
+O(logω). (3.65)
It can be further simplified by using the polylogarithm identity (3.40). In the canonical
chamber where −pi < Im[Xi − Yj ] < pi, the Cardy free energy can be written as follows,
log I =
1
ω1ω2ω3
[
− pi
4
45
− (2pii)
4
4!
k∑
i,j=1
B4
(1
2
+
Xi − Yj
2pii
)]
+
1
24ω1ω2ω3
[pi2
6
(
− 4ω21 − 4ω22 − 4ω23 + 12ω1ω2 + 12ω2ω3 + 12ω3ω1
)
+ (ω21 + ω
2
2 + ω
2
3) ·
(2pii)2
2!
k∑
i,j=1
B2
(1
2
+
Xi − Yj
2pii
)]
+O(logω) (3.66)
Now, let us compare (3.66) with our result (3.58). For G = SU(k), Tn(x) in (3.58) can be
written as
T2(x) =
1
sG
trfund[(xiT i)2] = 2
k∑
i=1
X2i
T4(x) =
tG
h∨G
trfund[(xiT i)4] +
3uG
4h∨Gs
2
G
trfund[(xiT i)2]2 = 2
k∑
i=1
X4i +
6
k
(
k∑
i=1
X2i )
2 (3.67)
where we used the trace identities in [14]. Then we can check that (3.66) and (3.58) are
exactly the same up to O(ω−1) order.
4 Equivariant integral of the thermal anomaly polynomial
In [16], it was conjectured that the supersymmetric Casimir energy can be obtained from the
equivariant integral of the anomaly polynomial. In this section, we apply their conjecture to
the Cardy formula such that it is given by the equivariant integral of the thermal anomaly
polynomial. As a result, we find that the Cardy formula and the equivariant integral of the
thermal anomaly polynomial are related as
log I = −
∫
P T8 +O(logω) (4.1)
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where
∫
denotes the equivariant integral. Note that the Cardy limit |ωi|  1 is assumed.
The equivariant integral is defined from the equivariant cohomology, where the de Rham
differential is twisted with the equivariant parameters. The anomaly polynomial Pd+2 can
be viewed as an equivariant form on Rd with equivariant parameters given by the chemical
potentials of the Cartan subalgebra of the global symmetries. See [16] for the detailed
explanation. The equivariant integral of Pd+2 is evaluated by the Duistermaat-Heckman
formula [58] given as follows, ∫
Pd+2 =
∑
p∈fixed points
Pd+2
e(TM)
∣∣∣
p
(4.2)
where e(TM) is the equivariant Euler class. In our case, there is only a single fixed point
p0, and the 0-form components of the equivariant forms at the fixed point are given as
follows [16],
e(TM)|p0 = ω1ω2ω3, c2(R)|p0 = −
∆2R
4
p1(T )|p0 = ω21 + ω22 + ω23, p2(T )|p0 = ω21ω22 + ω22ω23 + ω23ω21 (4.3)
For the thermal anomaly polynomial, there is the fictitious gauge field AT . The Chern
class of the fictitious gauge field at the fixed point is given as follows,
1
4pi2
F2T
∣∣∣
p0
= −(2pii)2. (4.4)
Then, the equivariant integral of the thermal anomaly polynomial (2.32) is given by
−
∫
P T8 =−
( a
384
∆4R +
bpi2
24
∆2R +
2cpi4
3
) 1
ω1ω2ω3
+
( b
96
∆2R +
pi2(2c + d)
6
)ω21 + ω22 + ω23
ω1ω2ω3
− d
24
ω21ω
2
2 + ω
2
2ω
2
3 + ω
2
3ω
2
1
ω1ω2ω3
(4.5)
Comparing (4.5) with the Cardy formula (2.51), we can check that our relation (4.1) is
valid. Note that O(ω1) term in the equivariant integral can be ignored when computing
the Cardy free energy since it is subleading than O(logω) correction in (4.1).
Now, let us consider 6d (2,0) SCFTs with ADE type. The equivariant integral of the
thermal anomaly polynomial of 6d (2,0) SCFT (3.25) is given by,
−
∫
P T8 =−
h∨GdG + rG
384
(∆2R −∆2L)2
ω1ω2ω3
− rG
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ω
2
1 + ω
2
2 + ω
2
3
ω1ω2ω3
∆2R + ∆
2
L − 8pi2
192
+
ω41 + ω
4
2 + ω
4
3 − 2ω21ω22 − 2ω22ω23 − 2ω23ω21
192ω1ω2ω3
]
.
(4.6)
Comparing (4.6) with the Cardy formula (3.29), we can check that our relation (4.1) is
valid for general (2,0) theories.
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Now, we move on to the 6d (1,0) theories. For the rank N E-string theory, the equiv-
ariant integral of the thermal anomaly polynomial is given by,
−
∫
P T8 =
1
32ω1ω2ω3
[
− N
3
3
(∆2R −∆2L)2 +
N2
2
(∆2R −∆2L)(4
∑
a
m2a + 8pi
2 −∆2R −∆2L)
− N
12
(
3(∆4R + ∆
4
L) + 8∆
2
R∆
2
L − 40pi2(∆2R + ∆2L) + 24(8pi2 −∆2R −∆2L)
∑
a
m2a + 48(
∑
a
m2a)
2 + 224pi4
)]
+
ω21 + ω
2
2 + ω
2
3
192ω1ω2ω3
[
− 6N2(∆2R −∆2L) +N
(
40pi2 − 5(∆2R + ∆2L) + 24
∑
a
m2a
)]
−N 7(ω
2
1 + ω
2
2 + ω
2
3) + 10(ω
2
1ω
2 + ω22ω
2
3 + ω
2
3ω
2
1)
192ω1ω2ω3
. (4.7)
For M5-branes on ALE singularities, the equivariant integral of the thermal anomaly poly-
nomial is given by,
−
∫
P T8 = −
1
384ω1ω2ω3
(
N3|Γ|2∆4R
−N
[
2
(
|Γ|(rG + 1)− 1
)
∆4R + 4∆
2
R
(
2pi2(|Γ|(rG + 1)− 2) + 3|Γ|(T2(x) + T2(y))
)
− 32pi4
]
+ dG∆
4
R + ∆
2
R
(
8pi2dG + 12hG(T2(x) + T2(y))
)
+ 8hG
(
2pi2(T2(x) + T2(y)) + T4(x) + T4(y)
)
+
112pi4
15
dG − 12
N
(
T2(x)− T2(y)
)2)
− ω
2
1 + ω
2
2 + ω
2
3
192ω1ω2ω3
[
N
(
(|Γ|(rG + 1)− 2)∆2R + 8pi2
)
−
(
dG∆
2
R + 2hG(T2(x) + T2(y)) +
4pi2
3
dG
)]
+
N
192
2ω21ω
2
2 + 2ω
2
2ω
2
3 + 2ω
2
3ω
2
1 − ω41 − ω42 − ω43
ω1ω2ω3
− dG
5760
10(ω21ω
2
2 + ω
2
2ω
2
3 + ω
2
3ω
2
1) + 7(ω
4
1 + ω
4
2 + ω
4
3)
ω1ω2ω3
(4.8)
For all the above results of 6d (1,0) theories, we can see that our relation (4.1) is valid by
comparing with the Cardy formula (3.49) and (3.58).
Before ending this section, let us make a few comments on the relation between the
Cardy formula and the supersymmetric Casimir energy. Under the presence of the Casimir
energy, the index function Z can be divided into the Casimir energy part E0 and the
spectral/state-counting part I as follows.
Z = e−E0I (4.9)
Casimir energy becomes the dominant contribution to logZ when the chemical potentials
are large. However, our Cardy formula determines the behavior of the spectral part log I
in the Cardy limit where the real parts of the chemical potentials are small. In 6d SCFTs,
the Cardy formula and the Casimir energy have similar, but different expressions. Let us
explain the difference between two quantities in the following paragraph.
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As an example, let us consider the 6d (2,0) theory. Its supersymmetric Casimir energy
is given by [16]2
E0 = −h
∨
GdG + rG
384
(∆2R −∆2L)2
ω1ω2ω3
− rG
[ ∆2R∆2L
192ω1ω2ω3
− ∆
2
R + ∆
2
L
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
+
ω41 + ω
4
2 + ω
4
3 − 2ω21ω22 − 2ω22ω23 − 2ω23ω21
192ω1ω2ω3
]
.
(4.10)
In (4.10), the chemical potentials are defined in the conventional basis as (3.1), which are
constrained by ∆R − ω1 − ω2 − ω3 = 0. On the other side, our Cardy formula is given by
(3.29) which is
log I = −h
∨
GdG + rG
384
(∆2R −∆2L)2
ω1ω2ω3
− rG
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+O(logω). (4.11)
In (4.11), the chemical potentials are defined in the modified basis as (3.6), which are
constrained by ∆R − ω1 − ω2 − ω3 = 2pii.
Although the Casimir energy and the Cardy free energy are defined in the different
basis, they share similar expressions. The similarity between the Casimir energy and the
Cardy formula was also observed in [25, 31, 38]. However, in 6d, the subleading corrections
in the Cardy formula differ from the Casimir energy. More precisely, the homogeneous
degree-one terms of the chemical potentials in the Cardy formula reproduce the Casimir
energy up to O(ω−1). Also, the homogenous degree-one terms in the equivariant integral of
the thermal anomaly polynomial (4.6) reproduce the entire Casimir energy. In terms of the
CS actions classified in (2.17), the homogeneous terms come from Wbulk and WNCS only.
Those CS terms can be entirely determined from the ordinary anomaly polynomial P8, while
the invariant CS term WICS needs the information of the thermal anomaly polynomial P T8
to be determined. As a result, the Casimir energy coincides with the homogeneous terms
in the Cardy formula up to O(ω−1).
5 Asymptotic entropy
In this section, we consider the microcanonical ensemble of the 6d SCFTs and compute
the asymptotic entropy in the Cardy limit. For 6d (2,0) SCFTs of AN and DN type, their
large N free energies precisely account the entropy of BPS black holes in the dual AdS7.
We further consider a general 6d (1,0) SCFTs and find a bound on the ’t Hooft anomaly
coefficients from the non-negativity condition of the entropy.
5.1 Holographic SCFTs and AdS7 black holes
The largeN limit of 6d (2,0) SCFTs are known to be dual to eleven-dimensional supergravity
on AdS7 ×M4 where M4 should be S4 or its orbifolds [59]. The internal manifold M4 is
2The notations can be matched by (2βσ1)there = (∆R + ∆L)here, (2βσ2)there = (∆R − ∆L)here, and
(βωI)there = (ωI)here
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given by S4 for AN type SCFT and S4/Z2 for DN type SCFT. Here, we compute the
degeneracies of BPS states in those holographic SCFTs and compare with the Bekenstein-
Hawking entropy of BPS black holes in AdS7. The degeneracy Ω of the BPS states in 6d
(2,0) SCFTs can be obtained by the inverse Laplace transformation of the index I. In the
Cardy limit, it can be evaluated by the saddle point approximation which is given by the
extremization of the following entropy function,
S = log I + ∆RQR + ∆LQL + ω1J1 + ω2J2 + ω3J3 (5.1)
where S = log Ω is the entropy of the BPS states. The extremization should be done over
the chemical potentials constrained by ∆R − ω1 − ω2 − ω3 = 2pii.
Let us first discuss the large N limit of the 6d (2,0) AN SCFT. In the Cardy limit, its
free energy is given by,
log IAN = −
(N + 1)3 − 1
384
(∆2R −∆2L)2
ω1ω2ω3
−N
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+O(logω). (5.2)
In the remaining part of this section, we will assume that O(logω) correction is subleading
than N3 in the large N . Then, the large N free energy is
log IAN = −
N3
384
(∆2R −∆2L)2
ω1ω2ω3
. (5.3)
In order to reproduce the black hole entropy from the above large N free energy, we should
convert the field-theoretic quantity N to the gravitational quantity G7 which is the Newton
constant of the dual AdS7. It can be computed from the dimensional reduction of the
eleven-dimensional supergravity whose Netwon constant is given by G11 = 16pi7`9P where
`P is the Plank length. Since the 11d manifold is given by a direct product of AdS7 and
S4, G7 can be obtained by
G7 =
G11
vol(S4)
. (5.4)
Let us denote ` as a radius of AdS7. Then, the radius of S4 is given by `/2. From the
quantization of the 4-form flux on S4, ` is related to N by [60]
N =
1
8pi
`3
`3P
. (5.5)
Therefore, the AdS7 Newton constant is given as follows,
G7 = 16pi
7`9P×
(8
3
pi2(
`
2
)4
)−1
=
3pi2`5
16N3
. (5.6)
In terms of G7, the free energy of AN SCFT in the large N limit can be written as follows,
log IAN = −
pi2`5
2048G7
(∆2R −∆2L)2
ω1ω2ω3
. (5.7)
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The entropy can be obtained by extremizing the following entropy function,
S = − pi
2`5
2048G7
(∆2R −∆2L)2
ω1ω2ω3
+ ∆RQR + ∆LQL + ω1J1 + ω2J2 + ω3J3. (5.8)
The above extremization was first performed in [19], and analytic expressions were derived
in [26]. The entropy S in (5.8) can be compared to the entropy of BPS black holes in
asymptotic AdS7 whose solution was obtained in [61]. The known BPS black hole solution
satisfies a certain ‘charge relation’ which comes from the fact that the BPS black holes exist
on the intersection of BPS bound and extremal bound. After imposing the charge relation
of the BPS black holes, we obtain the following expression for the entropy by extremizing
(5.8),
S = 2pi
√√√√3(Q21Q2 +Q1Q22)− 3pi2`516G7 (J1J2 + J2J3 + J3J1)
3(Q1 +Q2)− 3pi2`516G7
= 2pi
( pi2`5
16G7
(J1 + J2 + J3) +
Q21 +Q
2
2
2
+ 2Q1Q2
) 1
2
×
(
1−
√√√√√1− pi2`58G7 J1J2J3 +Q21Q22(
pi2`5
16G7
(J1 + J2 + J3) +
Q21+Q
2
2
2 + 2Q1Q2
)2
) 1
2
(5.9)
where Q1 ≡ QR +QL and Q2 ≡ QR −QL. The equivalence of two expressions in (5.9) is
the charge relation of BPS black holes. The obtained entropy (5.9) is exactly the same with
the entropy of an AdS7 black hole solution obtained in [61].
Now, we consider the large N limit of DN SCFT and its gravity dual. In the Cardy
limit, the free energy of the DN theory is
log IDN = −
(2N − 2)(2N2 −N) +N
384
(∆2R −∆2L)2
ω1ω2ω3
−N
[(∆2R + 4pi2)(∆2L + 4pi2)
192ω1ω2ω3
− ∆
2
R + ∆
2
L − 8pi2
192
ω21 + ω
2
2 + ω
2
3
ω1ω2ω3
]
+O(logω). (5.10)
The large N free energy is
log IDN = −
N3
96
(∆2R −∆2L)2
ω1ω2ω3
. (5.11)
The corresponding gravity dual theory is eleven-dimensional supergravity on AdS7×S4/Z2.
Due to Z2 orbifold, vol(S4/Z2) = vol(S4)/2. Also, the flux quantization on S4/Z2 is
changed as
N =
1
16pi
`3
`3P
. (5.12)
And the Newton constant on AdS7 is given by
G7 =
G11
vol(S4/Z2)
=
3pi2`5
64N3
. (5.13)
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Therefore the large N free energy of DN theory can be written as
log IDN = −
pi2`5
2048G7
(∆2R −∆2L)2
ω1ω2ω3
. (5.14)
In AdS7 gravity, (5.14) has the same form with (5.7), thus accounting the same macroscopic
entropy of the AdS7 black hole.
Before concluding this section, let us make some comments on the large N free energies
and the Cardy limit. The obtained large N free energies (5.3) and (5.11) are seemingly the
leading order O(ω−3) in the Cardy limit, but actually they include the subleading terms
up to O(ω1) since ∆R = 2pii + ω1 + ω2 + ω3. Even considering O(logω) correction, (5.3)
and (5.11) are exact up O(ω−1). Therefore, our Cardy series expansion yields the correct
entropy function of AdS7 black holes beyond the leading order.
5.2 Bound on the anomaly coefficients
In this section, we consider a general 6d (1,0) SCFT without flavor symmetry and ana-
lyze its entropy in the Cardy limit. Let us consider the following form of the modified
superconformal index,
I = Tr
[
e−∆RQR · e−ω1J1−ω2J2−ω3J3
]
, ∆R −
3∑
I=1
ωI = 2pii. (5.15)
where all notations are the same with section 3. The anomaly polynomial of the 6d SCFT
with SU(2)R R-symmetry and the tangent bundle can be written as follows,
P8 =
1
4!
(
a · c2(R)2 + b · c2(R)p1(T ) + c · p1(T )2 + d · p2(T )
)
(5.16)
where a, b, c and d are the anomaly coefficients of the theory. The Chern class and the
Pontryagin classes are defined in (2.33) and (2.34). From the anomaly polynomial (5.16),
we obtain the Cardy free energy (2.51) as follows,
log I =−
( a
384
∆4R +
bpi2
24
∆2R +
2cpi4
3
) 1
ω1ω2ω3
+
( b
96
∆2R +
(2c + d)pi2
6
)ω21 + ω22 + ω23
ω1ω2ω3
+O(logω).
(5.17)
which was derived in section 2. The asymptotic entropy of the SCFT can be obtained by
extremizing the following entropy function with respect to the chemical potentials,
S = log I + ∆RQR +
3∑
I=1
ωIJI (5.18)
where chemical potentials are constrained by ∆R − ω1 − ω2 − ω3 = 2pii. Once we impose
this constraint, the entropy function becomes,
S = −pi
4(a− 4b + 16c)
24ω1ω2ω3
+O(ω−2) +
3∑
I=1
ωI(JI +Q) + 2piiQ (5.19)
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where we keep only the leading term in ther Cardy limit. Now, let us consider the equal
chemical potential setting ω ≡ ω1,2,3 for the simplicity. Then, the entropy function is
S = −pi
4(a− 4b + 16c)
24ω3
+O(ω−2) + 3ω(J +Q) + 2piiQ. (5.20)
where J ≡ J1,2,3. The extremization equation ∂S∂ω = 0 determines the charge as the function
of the chemical potentials as follows,
J +Q = −pi
4(a− 4b + 16c)
24ω4
+O(ω−3). (5.21)
Let us denote the real and the imaginary part of the chemical potential explicitly as ω =
ωR + iωI where ωI ∈ R and ωR > 0. Then, we can separate the real and the imaginary
part of (5.21) as follows,
J +Q = −pi
4(a− 4b + 16c)
24|ω|8
(
(ω4R − 6ω2Rω2I + ω6I ) + 4iωRωI(ω2I − ω2R)
)
+O(ω−3). (5.22)
Since the charge should be real, we obtain ωI as a function of ωR as follows,
ωI = ±ωR +O(ω2R). (5.23)
If we plug (5.23) and (5.22) to (5.20), we obtain the real part of the entropy as follows,
Re[S] =
pi4(a− 4b + 16c)
24ω3R
+O(ω−2R ). (5.24)
As a result, the real part of the entropy (5.24) is non-negative as long as the anomaly
coefficients satisfy the following bound,
a− 4b + 16c ≥ 0. (5.25)
In table 2, we tabulated the anomaly coefficients of 6d free multiplets and various SCFTs.
As can be seen, the entropy coefficient a− 4b + 16c is positive for all examples analyzed in
this paper.
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a b c d a− 4b + 16c
(1,0) tensor 1 12
23
240 −2960 815
(1,0) hyper 0 0 7240 − 160 715
(2,0) tensor 1 12
1
8 −12 1
(2,0) ADE h∨GdG + rG
rG
2
rG
8 − rG2 h∨GdG + rG
rank N E-string 4N3 − 6N2 + 3N 3N2 − 52N 78N −N2 4N3 − 18N2 + 27N
N M5’s on C2/ΓG
|Γ|2N3
−2N((rG + 1)|Γ| − 1) + dG N(1−
rG+1
2 |Γ|) + dG2 N8 + 7dG240 −N2 − dG60 |Γ|2N3 − 8dG15
Table 2. Anomaly coefficients of free multiplets and various SCFTs in 6d.
A A 4d N = 1 Cardy formula
In this section, we reproduce a 4d N = 1 Cardy formula found in [37, 38] by following our
anomaly-based approach. We consider the following superconformal index of a 4d N = 1
theory,
I = Tr
[
e−∆R · e−ω1J1−ω2J2
]
,
(
2∆− ω1 − ω2 = 2pii
)
(A.1)
where R is a charge of U(1) R-symmetry and J1,2 are angular momenta on S3. The
background metric of S3 × S1 is given by [26]
ds2 = dτ2 + r2
[
dθ2 +
2∑
i=1
n2i θ
(
dφi − iωi
β
dτ
)2]
, (n1, n2) = (cos θ, sin θ)
= e−2Φ(dτ + a)2 + r2
[
dθ2 +
2∑
i=1
n2i dφ
2
i +
r2
∑
i ωin
2
i dφi
β2
(
1− r2∑i n2iω2iβ2 )
]
(A.2)
where r is a radius of S3 and τ ∼ τ + β. The dilaton Φ and the graviphoton a are
e−2Φ = 1− r2
2∑
i=1
n2iω
2
i
β2
, a = −i r
2
∑
i ωin
2
i dφi
β
(
1− r2∑i n2iω2iβ2 ) (A.3)
The background U(1) R-symmetry field is given by
A =
∆
β
dτ (A.4)
The anomaly polynomial of 4d N = 1 theories has the following form,
P6 =
1
6
kRRRc1(R)
3 − 1
24
kRc1(R)p1(T ), c1(R) =
i
2pi
dA (A.5)
where c1(R) is the first Chern-class of U(1) R-symmetry and p1(T ) is the first Pontryagin
class of a tangent bundle. Two central charges a and c of 4d SCFTs are related to the ’t
Hooft anomaly coefficients as follows [62],
a =
3
32
(
3kRRR − kR
)
, c =
1
32
(
9kRRR − 5kR
)
(A.6)
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Then the anomaly polynomial can be written in terms of the central charges as follows.
P6 =
8(5a− 3c)
27
c1(R)
3 − 2(a− c)
3
c1(R)p1(T ) (A.7)
The thermal anomaly polynomial P T6 can be obtained from the replacement rule (2.19) as
follows,
P T6 =
8(5a− 3c)
27
c1(R)
3 − 2(a− c)
3
c1(R)
(
p1(T )− F
2
T
4pi2
)
(A.8)
The CS action on S3 is
WCS = 2pii
∫
N 5
dt+ a
da
[
P T6 − Pˆ T6
]
AT=0
(A.9)
N 5 = B4×S1 where B4 is a four-dimensional ball with ∂B4 = S3. After some calculation,
we obtain the following CS action,
WCS =
(2(5a− 3c)
27pi2
∆3 +
2(a− c)
3
∆
) 1
β2
∫
S3
ada− a− c
3(2pi)2
∆
∫
S3
tr
[
ΓˆdΓˆ +
2
3
Γˆ3
]
(A.10)
There are only gauge and mixed CS terms on S3. After integrating over S3, we obtain the
following results,
1
β2
∫
S3
ada = − (2pi)
2ω1ω2(
β2
r2
− ω21
)(
β2
r2
− ω22
) = − 4pi2
ω1ω2
·
[
1 +O
( β2
r2ω2
)]
∫
S3
tr
[
ΓˆdΓˆ +
2
3
Γˆ3
]
=
β2
r2
16pi2ω1ω2(
β2
r2
− ω21
)(
β2
r2
− ω22
) = O( β2
r2ω2
)
. (A.11)
Therefore in the scaling limit (2.26), the Cardy free energy becomes
log I = − lim
β→0
WCS +O(logω) = 8∆
3
27ω1ω2
(5a− 3c) + 8pi
2∆
3ω1ω2
(a− c) +O(logω) (A.12)
It is exactly the same with the Cardy formula given in [37, 38].
The Cardy formula (A.12) can also be obtained from the equivariant integral of the
thermal anomaly polynomial (A.8) as follows,
log I = −
∫
P T6 +O(logω) (A.13)
Now, we use the Duistermaat-Heckman formula (4.2) to evaluate the equivariant integral.
The 0-form components of the equivariant classes at the fixed point p0 are given as follows,
c1(R)p0 = −∆, p1(T )|p0 = ω21 + ω22, e(TM)|p0 = ω1ω2,
F2T
4pi2
∣∣∣
p0
= −(2pii)2 (A.14)
Then, we obtain
−
∫
P T6 =
8∆3
27ω1ω2
(5a− 3c) + 8pi
2∆
3ω1ω2
(a− c)− 2∆(ω
2
1 + ω
2
2)
3ω1ω2
(a− c). (A.15)
As a result, the Cardy formula (A.12) can be obtained from (A.15) by our relation (A.13).
In this case, O(ω0) term in (A.15) can be ignored since it is subleading than O(logω).
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multiplet letter type E QR J1 J2 J3 letter index
half-hyper φ B 2 1/2 0 0 0 (−1)q1q2q3
tensor B+µν B 3 0 1 1 1 (q1q2q3)2
tensor ξ+ F 5/2 1/2 1/2 1/2 −1/2 (−1)(q1q2)2
tensor ξ+ F 5/2 1/2 1/2 −1/2 1/2 (−1)(q1q3)2
tensor ξ+ F 5/2 1/2 −1/2 1/2 1/2 (−1)(q2q3)2
derivative ∂1 B 1 0 1 0 0 q21
derivative ∂2 B 1 0 0 1 0 q22
derivative ∂3 B 1 0 0 0 1 q23
Table 3. BPS letters in 6d multiplets. Type denotes a boson/fermion statistics, and f denotes a
single particle index of the BPS letter. The fugacities are defined as qI = e−ωI/2. Note that (−1)
in the single particle index should be also treated as a fugacity.
B Modified index of 6d supermultiplets
In this section, we compute the modified superconformal indices of free (1,0) tensor and
hypermultiplets defined as follows,
I = Tr
[
e−2piiQR · e−ω1(J1+QR)−ω2(J2+QR)−ω3(J3+QR)
]
. (B.1)
Note that ∆R in (3.11) is absorbed by the chemical potential relation ∆R−ω1−ω2−ω3 =
2pii. More detailed explanation is given in section 3.
6d (1,0) hypermultiplet has component fields (φ, ψ+) where φ is a complex scalar in
(2,1) representation of SU(2)R × SO(6), and ψ+ is a fermion in (1,4). Tensor multiplet
has component fields (a, ξ+, B+µν) where a is a real scalar in (1,1), ξ+ is a fermion in (2,4),
and B+µν is a self-dual tensor in (1,10). The charges of the BPS fields that saturate the
BPS bound E ≥ J1 + J2 + J3 + 4QR are listed in the table 3.
The superconformal index can be obtained from the plethystic exponential of the BPS
letters as follows,
I = exp
∞∑
n=1
1
n
[
fB(•n)− (−1)nfF (•n)
]
(B.2)
where fB is a single particle index of bosonic fields and fB is for fermionic fields. Here,
• collectively denotes the fugacity variables. Then, the modified superconformal indices of
(1,0) supermultiplets are given as follows,
Ihyp = exp
∞∑
n=1
2
n
(−q1q2q3)n
(1− q2n1 )(1− q2n2 )(1− q2n3 )
Iten = exp
∞∑
n=1
1
n
(q1q2q3)
2n − (q1q2)2n − (q2q3)2n − (q3q1)2n
(1− q2n1 )(1− q2n2 )(1− q2n3 )
(B.3)
where fugacities are defined as qI = e−ωI/2. Note that by shifting ω3 → ω3 − 2pii which
is equivalent to shifting q3 → −q3, we obtain the original superconformal indices of ten-
sor/hypermultiplets computed in [57].
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